A Remark on Long Range Scattering for the nonlinear Klein-Gordon 

equation 

Hans Lindblad* and Avy Soffer 
University of California at San Diego and Rutgers University 

February 1, 2008 



1 Introduction 

We consider the problem of scattering for the critical nonlinear Klein-Gordon in one space dimension: 

(1.1) Uv + v = -/3v 3 , 

where □ = d 2 — d 2 . Recall first that a solution of the linear Klein-Gordon, i.e. f3 = 0, is asymptotically 
given by (as g tends to infinity) 

(1.2) u(t,x)~ e - l ' 2 e i e a(x/e) + Q- 1/2 e~ l( >^/Q~), where g = (t 2 - \x\ 2 ) 1/2 



Here a(x/g) = (t/g)u + (—x/g) = \/l + x 2 / g 2 u + (—x/g), where 2+(£) = / u + (x) e dx denotes the 

Fourier transform with respect to x only, u + = (uq — i(\£,\ 2 + l) _1 / 2 %)/2, where uq = u\ f=Q and 

U\ = dtu\ t=0 . Here the right hand side is to be interpreted as outside the light cone, when \x\ > t. 

can be proven using stationary phase, see e.g. |Hlj . where a complete asymptotic expansion into 

negative powers of g was given. Recently, Delort [DT] proved that (|1-1|) with small initial data have a 

global solution with asymptotics of the form 

(1-3) 

v(t,x) ~ g-i^i^/elflfi/j) + g-^e-^'*/^ a(x/g), Mq , x/q ) = Q + \p\a(x/ e )\ 2 hxg 

8 

We consider the inverse problem of scattering, i.e. we show that for any given asymptotic expansion 
of the above form (1.3) there is a solution agreeing with it at infinity. More precisely, we show: 

Theorem 1.1. Suppose that a and b\ = b — bo are fast decaying smooth real valued functions, where 
&o is a constant and \a^ k \x/g)\ + \b ( [\x/g)\ < Cjvfcj(l + \x/g\)~ N , for any k>0 and N. Let 

(1.4) vo(t, x) = q ~ 1 / 2 a(x/g ) cos 4>{g ,x/g) (j)(g ,x/g) = g -\ — [3 \a(x/g )| 2 In g + b(x/g), 
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interpreted as when \x\ > t. Then there is T < oo such that has a smooth solution v for 

T < t < oo satisfying v ~ vq as t — > oo. More precisely for t >T we have 

(1.5) ||(«-«o)(t, + E -«d)(*, 011^ <^(i + Mi + *)) 2 (i + r 1 - 

|o|<l 

Remark 1.2. Note that the initial data (a, 6), as well as the parameter /3, can be arbitrarily large. 
Remark 1.3. We also get a complete asymptotic expansion, see Theorem 11.71 
Remark 1.4. Note that by (|1.4|) - (|1.5jl the solution constructed has bounded energy 

- J v t (t,x) 2 + v x (t,x) 2 + v(t,x) 2 dx + ^ J v(t,x) A dx 

Since the energy is conserved we get a global bound for each term in the energy if j3 > or if [3 
is sufficiently small and it follows that in this case the solution constructed in the theorem can be 
extended to a global solution for — oo < t < oo. 

For the proof we start by introducing the hyperbolic coordinates 

g 2 = t 2 — x 2 , t = g coshy, x = g sinhy, 

or 

(1.6) e %l = £±M g 2 = t 2 -x 2 



Then 
and with 
we get 



D + l = d 2 g - Q- 2 d 2 y + Q^dp +1 
v{t,x) = Q - 1 l 2 V{Q,y) 



(□ + l)v(t,x) = Q~ l ' 2 (d 2 e + 1 - g- 2 (d 2 - l))v(g,y). 
Hence in these coordinates becomes the following equation for V = g l l 2 v: 



(i.7) nv) = d 2 e v+(i + ^v 2 + ±t)v - ^d 2 y V .) 

We are therefore led to first studying the ODE 



(1-8) L{g) =g+ (1 + V + — 5 = 



2^ 1 

-g +~r 

Q AQ 

We will prove in the next section: 
Proposition 1.5. For any constants a and b let 

3 

(1.9) go (g ) = a cos <j>, 4> = g + ding + b, 5=-(3a 2 

8 

Then, if 5 > is sufficiently small, the ODE (|1.8jl has a solution g satisfying 

(1-10) \9-9o\ + \9-9o\ <C^, g>l. 

Q 
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Remark 1.6. The importance of the above proposition is that the ODE Q1.8JI determines the correct 
phase function in the ansatz for the solution of the PDE (jl.7|) . The precise form of the logarithmic 
correction to the phase is due to the long range nature of the interaction. 

Theorem 1.7. Let v be the solution in Theorem \l.l\ and let V = Then for each k > 1 there is 

Vfc of the form (N ,1 finite) 

(1.11) a(y) cos (p + ^ ( a ijn(y) cos n0 + bij n (y) sin n<f> 



Q 



J 



n=0i<I,l<j<k 

such that 

(1-12) WWI<^T, l^-^l<^I' <?>1. 

Furthermore, aij n ,bij n are monomials in a and its derivatives, of at least order 1 . 

2 The first order asymptotics and small data existence at infinity 
for the ODE 



We want to solve the ODE ljl.8|) . subject to a given behavior at infinity. 
Lemma 2.1. Let, for any \a\ < 1, 

S 3 

(2.1) 9i{q) = acos0 H a cos 30, <p = g+Slng, 5 = -(5a 2 

Y2q 8 

T/ien 

(2.2) | L ( ffl) |<^HO+i)! 5 e >! 
Proof. Using that cos 3 = ( cos 30 + 3 cos 0)/4 we have (A = A(t)) 



38 A \ 3 

(2.3) L(A cos 0) = ( (1 - <j) 2 )A + —A 3 + A + — =■ J cos - [6A + 2<j>A) sin + —A 3 cos 30 

4£> 4^ z / 4£> 



We get, for A(t) = a 

5 2 1\ , <5 . , 25 
77 + — ^ a cos H x a sm + — 

and 



2.4) L(acos 0) = ( — -= + - — = ) a cos H ^ a sin + — a cos 30 



cos30\ cos30 i ( nl - ± 2 i\ , 1 1 \cos30 i fi 0\3sin30 



(2.5) m[ -^)-— + + + v 



cos 30 cos 30/ . 95 2 1 \ 3 sin 30, 2<5, 

£ 8£» 2 V £» 4£» ; 8£» 2 V £> ; 
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where L'(0) is given by Q2.6JI . Therefore, 

L(<?l) = L(a cos 0) - — L / (0)( - y ) + _ a 3 cos 3 9) = 0{ y J 1 ' ) 

□ 

The linearized operator of L around is given by 

1 

Ag'- 

The inverse to this operator with vanishing data at oo is given by 



(2.6) L'(0)g = g + g + —g = F 



00 



(2.7) g(e) = - E s ( )F( s )ds, 

Jq 

where E s (g ) is the forward fundamental solution of (|2.6|) . i.e. E s (g ) satisfies Lq(E s ) = and E s (s) = 0, 
E£(s) = 1. The solution of (JZHJ satisfies 

(2.8) Afe* + , 2) V2 = $ / _ JM > _ fe!±^!. 

K J dg yy y ' (^2 + 5 2)V2V 4£ 2 / - 1 1 8g 2 

Multiplying by the integrating factor e" 1 ^ 8 ^^ we see that 

(2.9) (3(^) 2 +^) 2 ) 1/2 <e V(8e) / \F{s)\ds<2 \F(s)\ds, g>l 

J g J q 

Hence (|2.7j) defines a solution of (|2.6|) with vanishing data at infinity if the integral above is convergent. 
We have 

(2.10) L(g)-L(g 1 ) = L'(0)(g-g 1 ) + ^G(g 1 ,g-g 1 )(g-g 1 ), where G(g, h) = {3g 2 + 3gh + h 2 ) 

Therefore, to solve (1.8) we now have to solve the equation 

L'(0)(g - gi ) = -P-G{g x ,g- 9l )(g - 9l ) - L{g x ) 
Q 

This is done by iteration. We therefore define a sequence hk ■ 

L'(0)(h k+1 ) = -^G( gi ,h k )h k -L( gi ), k>0, h = 0, 
Q 

where by Lemma 2.1 (equation 2.2) 

(2.11) ILfcOl < K l ^l 

Q 

We will inductively assume that 

(2.12) \h k \<4K^ 1 + ^ 

Q 
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Then 

(2.13) \G( 9l ,h k )\ <C'\a\ 2 (l + 5) A 

and by ()2.9j) we have for g > 1, 

iJWil s f »(*WM'(i + ^ |a|(1 + <)a + ^ H(1 ^ )2 ) * < 4 £ Mi±i£ 

if 5 ~ /3o 2 is sufficiently small. This shows that we have a bounded sequence hk, and similarly looking 
at differences shows that it converges and hence we get a solution to the ODE. 

3 The first order asymptotic and small data existence at infinity for 
the PDE 

In this section we prove Theorem 11.11 in the case of small data, or equivalently small (3. This result 
follows from the general proof in section 4 but we want to first give the proof in the simple situation 
were the complete asymptotic expansion is not needed and one can clearly see that existence for the 
PDE follows from existence for the ODE. 

We now use Proposition 11.51 and Lemma 12.11 to postulate the following form for the ansatz of the 
leading behavior of the solution of (1.1): 

vi(t,x) = Q~ 1/2 Vi{g,y), 

where 

& 3 
(3.1) Vi = a(y) cos </>(g , y) + ——a(y) cos 3<f)(g,y), 4>(g ,y) = g + <51n g + b(y), 5 = -(3a 2 . 

izg o 

Here a, b are smooth functions of y, such that a and b\ = b — bo, where bo is a constant, are decaying 
exponentially fast. Note that this ansatz is obtained from Lemma 2.1 by simply making the constants 
a, b dependent on y. Here we assume that for all N, 

/+ — \ N/2 n N 

(3-2) \D k y a(y)\ + \D k y h(y)\ < C N e~^ < C„(j^ < C N ^ 

where we used (1.6) for the second inequality and \x\ < t. Therefore, for any N, 

, s |a W | C N 

(3-3) -pr < 

With notation as in (|1.8|) and (|1.7B we have 



(3.4) B vi +vx + f3vf = g~ l/ H{Vi) = g- 1/2 L{Vi) - Q~ l/2 ^d 2 y Vi = F x 

where if we choose N sufficiently large 



(1 + /31n II + ^ I) 2 (l + /31n|l + t|) 2 

(3.5) \Fx\ < C N ± H 1 17 e' Nlyl < C- V ! 



Q 



5/2 ' - t 5/2 
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since e 2 ' s/ ' = (t — \x\)/(t + |x|) and |x| < t. 

We now estimate the correction to v\: let v be the exact solution of (1.1). We have 

(3.6) (□ + l)(v — v\) = (3G{v\, v — v\)(v — v\) — F\, where G(v, w) = {2>v 2 + 3vw + w 2 ) 
Let w be the solution of 

\3w + w = F 
with vanishing data at infinity, i.e. w is defined by 

/OO f' 
/ E(t — s, x — y)F(s, y) dyds 

where E is the forward fundamental solution of □ + 1. By the energy inequality 

/•OO 

(3.7) \\dw(t, .)|b + \\w(t, -)\\ L 2 < / \\F(s, -)\\ L 2 ds. 



Again, we solve for w = v — v\ by iteration: Let w k be defined by wq = and 

(3.8) (n + l)w k +i=0G(v 1 ,w k )w k + F 1 , k>0. 
Since F\ is supported in \x\ < t it follows from 1)3 . 5 j) that 

/o q\ ,„ , i^(l+/?ln|l+tl) 2 

(3.9) ||Fi(t,x)|| L 2 < - 2 . 

We will inductively assume that 

. . „ , x „ . ... ^(l + ^lnll+tl) 2 

(3.10) \\dw k (t,-)\\ L 2 + \\w k (t,-)\\ L2 < ^ ^ ^ 

Since by Holder's inequality 

w 2 < 2 J \w\\w x \dx < 2\\w\\ L 2\\dw\\ L 2 < \\dw\\ 2 L2 + ||to| 

we also get 

4K(l + /?ln|l+t|) 2 

\\W k (t, -jUioo < 



2 

L-' 



Since also (see (3.1) and (3.3)) 

2C 

(3.11) IMV)IU» <^ 

it follows that for t > tx, where t^- depends on if only, 

48C 2 

(3.12) ||G(ui,Wk)(i, -)||l°o < 3||vi|||oo + 3||?;i||L^||wfc||L^ + ||u>fc||jU < — j^-, t>t K 
Hence by the energy inequality (3.7), and (3.8), (3.9), (3.11) 



\w k +i(t, -)\\ L 2 < 



r + D Kil + 11 + < 2K(l + + ( >< t 

Jt 8 t 



if /? > is sufficiently small and t' K is sufficiently large. Estimating ||9u;fc+i||^2 in the same way, we 
conclude that (|3.1U|) follows also for k + 1. 



4 Higher order asymptotics and existence for large data at infinity 

Let us also consider the linearized operator at a cos <j>: 

L (g) = L'(go) g = L'(a cos <f>)g = g + (l + 4" 1 g~ 2 + 85g - 1 cos 2 </>)g 
Lemma 4.1. Suppose that k > 1. We have 

, fc+2 n+2 , , 

cos n<p i -sr^ ( kin cos n 9 



(4.1) Lo (^ ln . e ) =(1 -„ 2 )^ ln < e+S £ £(„« ?n ^ + 6& J^),^ 
^ ^ fc'=fc+l i'<i n'=n-2 ^ ^ 

(42) i0 (^,»V)=(l-n^ln-, + E £ £ + <©„^) lo'i 



and 
(4.3) 

r /cos0, ,■ \ / sin^ ,,.cos</> „ .cos 3fi!>\ , sin0 , r—*, cos</> , suk/k ■/ 

Lo{^f InV?) = + 45-^ + 25^) Wg - 2*-^ In' l g + fc^qS) ln ? 

(4.4) 

r /shi(/> ■ \ / cos0 sin3</>\ ,■ cos0, v-^ , cos</> , sin0 Xl •/ 

U (^f InV?) = ( - 2k^ + 26-p£) We + 2^ In* ^ + £ (c^ + cfc^) In'g 

Proof. Since ^ = £ + 5 In £ + 6 it follows that 



dg \ g k J dg K 1 V £> / £ fe 

9 2ni(n5i — 
n 2 + i - + 



Hence 



(4 . 7) £( ln .^) = (_„s + M^ + «)^ + g g^,,,^ 

d 2 /cosn^x 2 cosn</> 2 cosn</> sinn^ cos n0 sinn</> 

( 4 - 8 ) ^2 J = -« -^r- " 26n + 2 ^^irr + ^^nr + 

/sinro</>\ 2 sinn<^> 2 sinn0 cosncj) cosn</> sinn(/> 

( 4 - 9 ) ^2 (-^F- j = ~ n ~~g~k "J^+i 2fcn ^TT + + d ^ 

Since cos 2 cos = (3 cos + cos 3</>) /4 and cos 2 sin = ( sin (f> + sin 3^) /4, we have 

-,2 



(4-10) (l + 8^) ^ = ^ + 6^ + 2^ 

(4.11) (l + 85 C -^t) ^ = ^ + 25^ + 

v ; V p J o k p k p k+1 o^ 1 



□ 
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Definition 4.2. Let S k denote the family of finite sums (N ,1 ,j -sum finite) of the form 

(4.12) ^ ^2 i^iiniv) cos n4> + b ijn (y) sin n^^-j-, (f) = g+Slng, 5 = -(3a(y) 2 

n=0i<I,j>k @ 

where for any N and £ there is a constant such that 

(4.13) \D e y a ijk (y)\ + \D e y b ljk (y)\ < C m e~ N ^ 

o 

Furthermore, let S k denote the family of finite sums of the above form but with 

a-iki = biki = 0, for all i 

o o o o 

Lemma 4.3. If k > 1 and T, k G S k , then there are G S k and T, k+ i € S k+ ± such that 

(4.14) L S fc = h k + S fc+1 

Proof. First we use the first part of the previous lemma to invert the terms with k' = k and n / 1. 
Then we use the second part of the previous lemma to successively remove the terms with n = 1 by 

o 

lowering the logarithms. First note that an element of S k can be written as a 

Ev-^ , cosncp sinn^s ■ v-^ , , cos0 . sin0, • 
2^ [ a ik'n —+Pik'n —)^(Q)+ }^ Kfc' V + Afc' _ V ) ln ^ ) = Inr + Ires 

n^lk'>k,i S S k'>k+l,i S S 

O 

The sum over k f > k + 1 is due to the fact that unlike is "nonresonant" , that is do not contain 

o o 

lowest order terms in g for n = 1. (see definition of the space Sfc). Now, given such element T, k , we 
use (4.1), (4.2) to obtain 

^° ( 1 Z~~2 i a ik'n COS 720 + /3j fc / n sin n(f) = Inr + 

We are therefore left with inverting Lq on / res . To this end we use (4. 3), (4. 4), to obtain : 
r /l cos0, ,■ 45 sin 0, • , sin0 ■ 

(415) Lo ^7^ ln> + ^ lnV) = ^ lnV+ 

0(e ~ fe_1 In* q )(sin 30, cos 30) + 0(g ln^ 1 g )(sin 0, cos 0) + 0( e ~ fe ~ 2 In* e )(sin 0, cos 0) 
and similar formula for cos <f> g ~ k ~ 1 In 1 g . (Here (/, g) = aa + (3g for some numbers a, (3.) Hence, we 

o 

can invert Lq on (cos 0, sin 0) g~ k ~ 1 In 1 g up to nonresonant terms in S k +i, S k +2 and resonant terms 
in S k +i but with one less power of ln g . Hence, by iteration, eliminate all such terms, in each step one 
less power of ln g . □ 

We must then show that the products of the above classes are properly mapped as well as the 
Laplacian acting on the above classes. We want to solve 

(4.16) V(V) = d 2 g V+ {l + ^V 2 + - g- 2 d 2 y V = 
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by iteration, starting from 

(4.17) Vo = acos(f), where <fi = g + 3/38 _1 a 2 In g + b 
and a = a(y), b = b(y). We have: 

o 

Lemma 4.4. There is a sequence V^, k = 0, such — Vq G «Si, ^(Vfc) G and — Vfc_i G <Sfc. 
Proof. We have 

2 

(4.18) (9 2 (a cos 0) = (a, cos </> + sin 0) \n?g 

3=0 

for some functions cij(y), and 6j(y) which are at least linear in a' b (k \ {0 < k < 2). It follows that 

<5 2 <5 2<5 a cos <f> 1 2 ^ 

(4.19) v(Vo) = 5- a cos H r a sin + — a cos 3<^> H — 5 rcL (a cos 0) G 01 



This proves the lemma for k = and in what follows we will assume the lemma for k replaced by k — 1 
and show that this implies the lemma also for k. 
We have 

(4.20) V'(V)W = d 2 W + ( 1 + 3-V 2 + -Xt) W - g - 2 d 2 W 

ti V q 4g z J y 

o 

Since the operator g ~ 2 d 2 ip maps Sk — > Sk+2 C 5fe+i it follows that 

(4.21) V'(V ) =L -g- 2 d 2 y V 

o o 

can be inverted in the same spaces as Lq in Lemma l4,3| i.e. if k > 1 and £ <Sfc, then there are 

o o 

Sfc G 5^ and G <Sfc+i such that 



o o 



(4.22) # / (acos0)£ fe = £ fc + E &+1 



Moreover if K - V G «Si it follows that (V(V n ) - ^'(Vb)jS fc = 3/3(V; 2 - V§)Y. k /g G S k+2 G so 
*'(V^) also satisfies 



o o 



(4.23) ^'(K)£ fc = £ fe + X fc+ i 

o 

for some other £&+].. 

o 

Given V&_i such that ^(Vfc_i) G 5^ and V k -i — VqES\ we now find Vf. such that Vj. — V k -i G 5^ 
by solving 

(4.24) *'04-i)04 - V*~i) + *04-i) G 
which is possible, by (ET231 . Then with $(V, f7) = 3F + U 

(4.25) = *(v fc _i) + *'04-i)04 - + £*(y fc _i, Vfc - - F fc _i) 2 g 4+i 

□ 



We have now found vn, for any N , such that 

av N + v N + f3v% = F N = 0(t- N ~ 5 / 2 ), v N -v = 0(t~ 3/2 lnt) 

It follows that there is a constant Co < oo independent of N and another constant ijv < 00 depending 
on N such that 

M < 2C t' 1/2 , t>t N 

We then define wq = and for / > 1: 

+ =PG(v N ,w l )w l +F N , l>0. 

Since Fjv is supported in |ar| < t it follows from 1)3 . 5 j) that 

We will inductively (in I) assume that 

(4-26) \\ dwi{tr)h2 + \\ Wlitr)h2 <^ 

Since by Holder's inequality 

w 2 < 2 J \w\\w x \dx < 2\\w\\ L 2\\dw\\ L 2 < \\dwW\2 + HHIl 2 

we also get 

II U Ml <r 4Kn 
\\Wl(t,-)\\L°° < Jjjx 

Since also 

2C 

\\vN(t, < ^yf , t > *jV 



where Co is independent of N, it follows that 



8C 



\\G(v N , Wl )(t,-)\\ L ^ t>t' N 
Hence by the energy inequality 

\\dw l+1 (t,-)\\ L 2 + \\w l+1 (t,-)\\ L 2 <^ ___(&+_ d8= (_^ + lj_<_, *> tjv 

if ijy and iV are sufficiently large. Hence (14.26(1 follows also for I + 1. 
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